In this paper, we derive the Grammian determinant solutions to the modified two-dimensional Toda lattice, and then we construct the modified two-dimensional Toda lattice with self-consistent sources via the source generation procedure. We show the integrability of the modified two-dimensional Toda lattice with self-consistent sources by presenting its Casoratian and Grammian structure of the N-soliton solution. It is also demonstrated that the commutativity between the source generation procedure and Bäcklund transformation is valid for the two-dimensional Toda lattice.
Introduction
The two-dimensional Toda lattice, which can be regarded as a spatial discretization of the KP equation, takes the following form:
where V n denotes V (n, x, s). We use the above notation throughout the paper. Under the dependent variable transformation 
D s f n · f n = λf n+ f n- -μf n f n ,
where λ, μ, ν are arbitrary constants. Equations ()-() are transformed into the following nonlinear form: In [], a new algebraic method, called the source generation procedure, is proposed to construct and solve the soliton equations with self-consistent sources both in continuous and discrete cases. The source generation procedure has been successfully applied to many ( + )-dimensional continuous and discrete soliton equations such as the Ishimori-I equation [] , the semi-discrete Toda equation [] , the modified discrete KP equation [] , and others. The purpose of this paper is to construct the modified two-dimensional Toda lattice with self-consistent sources via the source generation procedure and clarify the determinant structure of N-soliton solution for the modified two-dimensional Toda lattice with self-consistent sources.
The paper is organized as follows. In Section , we derive the Grammian solution to the modified two-dimensional Toda lattice equation and then construct the two-dimensional Toda lattice equations with self-consistent sources. In Section , the Casoratian formulation of N-soliton solution for the modified two-dimensional Toda lattice with selfconsistent is given. Section  is devoted to showing that the commutativity of the source generation procedure and Bäcklund transformation is valid for two-dimensional Toda lattice. We end this paper with a conclusion and discussion in Section .
The modified two-dimensional Toda lattice equation with self-consistent sources
The N-soliton solution in Casoratian form for the modified two-dimensional Toda lattice equation ()-() is given in [] and [] . In this section, we first derive the Gram-mian formulation of the N-soliton solution for the modified two-dimensional Toda lattice equation, and then we construct the modified two-dimensional Toda lattice equation with self-consistent sources via the source generation procedure. If we choose λ = , ν = μ = , then the modified two-dimensional Toda lattice ()-() becomes
Proposition  The modified two-dimensional Toda lattice ()-() has the following Grammian determinant solution:
where
in which the φ i (n) denote φ i (n, x, s) and the
satisfy the following dispersion relations:
Proof The Grammian determinants f n in () and f n in () can be expressed in terms of the following Pfaffians:
where the Pfaffian elements are defined by
in which i, j = , . . . , N +  and k, m are integers. Using the dispersion relations ()-(), we can compute the following differential and difference formula for the Pfaffians ()-():
Substituting equations ()-() into the modified two-dimensional Toda lattice ()-() gives the following two Pfaffian identities:
In order to construct the modified two-dimensional Toda lattice with self-consistent sources, we change the Grammian determinant solutions ()-() into the following form:
where N th column vectors (n), (n) are given in ()-() and
with γ i (s) being an arbitrary function of s and K being a positive integer. The Grammian determinants f n in () and f n in () can be expressed by means of the following Pfaffians:
in which i, j = , . . . , N +  and k, m are integers. It is easy to show that the functions f (n, x, s), f (n, x, s) given in ()-() still satisfy equation (). However, they will not satisfy (), and they satisfy the following new equation:
where the new functions g
n are given by
where j = , . . . , K and the dot denotes the derivative of γ j (t) with respect to t. Furthermore, we can show that f n , f n , g
n (j = , . . . , K ) satisfy the following K equations:
In fact, we have the following differential and difference formula for f n in (), f n in () and g (j) n , h 
whereˆindicates deletion of the letter under it. Substitution of equations ()-() into equations (), ()-() gives the following Pfaffian identities:
and 
the bilinear modified two-dimensional Toda lattice with self-consistent sources (, , )-() can be transformed into the following nonlinear form:
When we take G
, the nonlinear modified twodimensional Toda lattice with self-consistent sources ()-() is reduced to the nonlinear modified two-dimensional Toda lattice ()-() with λ = , ν = μ = .
If we choose 
where a(t) is an arbitrary function of t, then we have
n (x, n, t) = -
Therefore, the one-soliton solution of the nonlinear modified two-dimensional Toda lattice with self-consistent sources ()-() is given by
If we take K = , N =  and 
Substituting functions ()-() into the dependent variable transformations (), we obtain two-soliton solution of the nonlinear modified two-dimensional Toda lattice with selfconsistent sources ()-().

Casorati determinant solution to the modified two-dimensional Toda lattice equation with self-consistent sources
In Section , we derived that the modified two-dimensional Toda lattice with self- 
Proposition  The modified two-dimensional Toda lattice with self-consistent sources (), (), ()-() has the following Casorati determinant solution:
. . , N ) and
with γ i (s) being an arbitrary function of s and K , N being positive integers. In addition, φ i (n), φ i (n) satisfy the following dispersion relations:
and the Pfaffian elements are defined by
in which i, j = , . . . , N +  and m, l are integers.
Proof We can derive the following dispersion relation for ψ i (n) (i = , . . . , N +) from equations ():
Applying the dispersion relation ()-(), we can calculate the following differential and difference formula for the Casorati determinants ()-():
By substituting equations ()-() into the modified two-dimensional Toda lattice with self-consistent sources (), (), ()-(), we obtain the following Pfaffian identities, respectively: . . . , d N- , d N+ , N, . . . , )(d  , . . . , d N , N + , . . . , )   -(d  , . . . , d N , N, . . . , )(d  , . . . , d N- , d N+ , N + , . . . , ) . . . , d N- , N, . . . , )(d  , . . . , d N+ , N + , . . . , ) = , In order to obtain the one-soliton solution of the nonlinear modified two-dimensional Toda lattice with self-consistent sources ()-(), we take N = , K =  and
in the Casoratian determinants ()-(). Here ξ i , η i (i = , ) are given in () and a(t) is an arbitrary function of t. Hence we obtain If we take N = , K =  and
in the Casoratian determinants ()-(), we get 
We introduce five constants δ  , δ  , δ  ,  ,  satisfying
and takẽ We rederive the two-soliton solution of the nonlinear modified two-dimensional Toda lattice with self-consistent sources ()-() obtained in Section , substituting the above functions in equations ()-() into the dependent variable transformation ().
Commutativity of the source generation procedure and Bäcklund transformation
In this section, we show that the commutativity of the source generation procedure and Bäcklund transformation holds for the two-dimensional Toda lattice. For this purpose, we derive another form of the modified two-dimensional Toda lattice with self-consistent sources which is the Bäcklund transformation for the two-dimensional Toda lattice with self-consistent sources given in [] . We have shown that the Casorati determinants f n , f n , g
n , h
n given in ()-() satisfy the modified two-dimensional Toda lattice with self-consistent sources (), (), ()-(). Now we take It is interesting for us to construct the two-dimensional Toda lattice equation with selfconsistent sources having a generalized Casorati determinant solution via the source generation procedure. This will bring us a broader class of solutions such as negatons, positons, and complexiton type solutions of the two-dimensional Toda lattice equation with self-consistent sources.
